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A∗ij := sup{Ai0i1 + · · · +Ain−1in | n ∈ N, i0, . . . , in ∈ S, i0 = i, in = j} .
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µu
7OQPSV·«igiury9csd~udVUTWVUg=d¥pw%dfPSVyVUTWT u¢pryyzp¤tc¨¢kprT =Dm=hiudlzpgµ®UF¯Quwg?|¸dPSV·«ik~csd\ceduwdfVUTWV,gd;
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<´gxSkpriurSlyzlncsdl}·x*pwdVUg=dflnuwy9dfPSV,prkar£SpgSV!|pbV,c¥gipwdtgSV,V,|dfPiV!VUg=dflkV?phSgi|Surkfa dp*V¦uwSyV
dfp kVUxikfV;ceV,gd
PiurkfTWprgil}DrV,}dfpkc,£u\}V,ked~uwlg¦cfhSicfVd­ceh%N}UV,c,  VQcfPiuryzybceV,V7dPiud0dfPiV¨cfl¬dhiudlzpg!lg¦dPSVT uwv=¡-xSyhic%ceVUdedflgS
lnc¨cflTlynuwk;0Op|SV«igSVZdfPiVW®ËT uvb¡Nxiyzhic~¯­TWlgSlTWury4[2uwkfdflg¸cfxiur}UVr£b¤¨V\gSV,V,| dplg=dfkp|hi}V
uwgipwdfPiVUk¨ÁrVUkgSV,yUG
K[ij := A
+
ij(πj)
−1 ¢prk\uryzy i, j ∈ S .
XtprdfV
dPiud
K[·j = AK·j
lnc¥u¢hSgi}dflprgpw
K·j
  pktuwyy
w ∈ M
£¤Vurycfp |V«igiV
w[ ∈ RSmax
G
w[i = lim inf
K·j→w
K[ij
¢prkturyzy
i ∈ S .
OQPSV
¢pyzyp¤¥lzgiyVUTWT u cePip¤tcDdPiudtgipWurT¦Slrhil¬dsa¸urkflncfV,c¢kfpT dfPilc¥gipwduwdflprgcelgi}UV
(K·j)
[ = K[·j

Dº 
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YY  
w[ = w
TQ"
w ∈ B
 $&
w[ = K[·j = Aw
TQ"$
w = K·j ∈ K
3"$Z
w ∈ M
      w[ ∈ S $& πw[ ≤  
 0" "?T  4VUd
w ∈ B
 OQPSV,g4£¨¢prkV;ur}~P
i ∈ S
£¨dfPiVUkV2Vvlncsd~cuAgSVUlrPb*prhSkPSpbp|
W
pw
w
cfhi}~P dfPiuwd
K·i 6∈ W
D_bp
w[i = lim inf
K·j→w
K[ij = lim inf
K·j→w
Kij = wi ,
xSkpblzgSdfP?ud
w[ = w

Xtp¤(yVd
w = K·j
¢prk\cfprTWV
j ∈ S
¥O%uwÁblgS dfPiV¦ceV;m=hSVUgi}UV¤¥l¬dPÀ}pgiceduwg=dtuwyhSV
K·j
£i¤¨V¦cfVUVdPiud
w[ ≤ K[·j
7O9pWV;csd~uwSylcfP#dfPSVpxSx?p=celzdfV
lgSV,m=hiuryzlzdsar£¤¨Vpr?ceV,kfVtdfP?ud
w[ = lim inf
K·k→w
AK·k ≥ lim inf
K·k→w
A·iKik = A·iwi
¢pktuwyy
i ∈ S ,
prk;£lgprdfPSV,k¥¤pk|icU£
w[ ≥ Aw
DOQPSV,kfVU¢prkV
¤V
PiuÑV·cfPSp¤¥g#dfPiuwd
w[ = K[·j

OQPSV
ynurced\urcceV,kedlzpg¸pwdfPSVyVUTWT u¢pryyp¤tcD¢kprT ®Òr¯Qurgi|¸dfPSV
Ëu}ªd¥dfP?ud
π
lc¥cfhSx*VUkf¡NPiurkfTWpgSl}r
XtVUvbd,£S¤¨V|V«igiV
ds¤pWÁrV,kfgiVUync
H
uwg?|
H[
pVUk
M

H(z, w) :=µw(z) = lim sup
K·i→z
πiwi = lim sup
K·i→z
lim
K·j→w
πiKij
H[(z, w) :=µw[(z) = lim sup
K·i→z
πiw
[
i = lim sup
K·i→z
lim inf
K·j→w
πiK
[
ij .
Y\cflgSWdfPSV
Ëu}ªdQdfP?ud
K[ ≤ K
urgi|,<´gSV,m=hiuryzlzdsaÀ®Ë¯ª£S¤¨VrVUdQdfPiuwd
H[(z, w) ≤ H(z, w) ≤
 ¢prkturyzy
w, z ∈ M .
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w ∈ M
£wdfPSV,g*pwdP
w
uwgi|
w[
uwkVDV,yzV,TWVUg=dc%pw
S
=a®Nr¯%uwg?| 4V,TWTWuZi4w0Y\cflzgi\dPSV¨«ikced­urcceV,kedlzpg
lg 9VUTWT uWS F£S¤¨V·Vd¥dPiud
H(K·i, w) = πiwi
®U/¯
H[(K·i, w) = πiw
[
i .
®Ò¯
<´gxiuwkfdfln}hiyurk
H(K·i,K·j) = πiKij = πiA
∗
ij(πj)
−1 ®?4;¯
H[(K·i,K·j) = πiK
[
ij = πiA
+
ij(πj)
−1 .
®?44;¯
OQPSV,kfVU¢prkVr£©hSx dfpu|lurrpgiuwy0celTWlzynuwklzdsar£
H
uwgi|
H[
urkfVVvbdVUgicflzpgicZdfp
M × M
pw7dPSV ÁrV,kfgiVUync
A∗uwg?|
A+
kV,cfx*V,}ªdlzVUyar
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w, z ∈ M
     
H(z, w) =
{
H[(z, w)
¤¥PSVUg
w 6= z
pk
w = z ∈ B , pwdPSVUk¤¥lcfV
.
 0" "?T E<-
w ∈ B
£?dPSVUg
w[ = w
ba 9VUTWT u?;4r£*urgi|dfPiV¦V,m=hiuryzlzdsapw
H(z, w)
uwgi|
H[(z, w)
¢prk·uwyy
z ∈ M
¢pryyzp¤tc¨lTWTV;|lnudfV,yza
4VUd
w = K·j
¢prkcfprTWV
j ∈ S
urgi| yVd
z ∈ M
*VA|Sl §VUkVUg=d¢kfpT
w
OQPiVUg4£ZdfPSV,kfV Vvlncsd~c
uµgSVUlrPb*prhSkPSpbp|
W
pw
z
dPiud|pbV;cWgSpwd¸}Uprg=durlzg
w
 txSxiyzablgS 4VUTWT uµi4uw=uwlg4£7¤¨VVd dPiud
w[i = K
[
ij = Kij = wi
¢prktuwyy
i ∈W
  V!|SV,|hi}UV
dfPiuwd
H(z, w) = H[(z, w)
lg#dPSlnct}UuceVuwyncfpi
<´gdfPSV
«?giuwy4},urcfVr£¤¨V·P?uÑrV
w = z ∈ K
7OQPSVkV,cfhSy¬dQ¢pyzyp¤tc¨¢kfpT =Dm=hiuwdflprgA®?4;¯
 V!|V«igiV
dfPSV YAH$UUA'V#¥dfpW?V
M
m := {w ∈ M | H[(w,w) =

} .
 kprT 4VUTWT uWiÆb£¤¨V!ceV,V·dfPiuwd
{w ∈ M | H(w,w) =

} = M m ∪ K .
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w ∈ M m ∪ K

  
πw =
 
 0" "?T   VPiuÑrV
πw = sup
i∈S
πiwi ≥ lim sup
K·i→w
πiwi = H(w,w) =

.
°¨a =Dm=hiuwdflprgA®Ò¯ª£
πw ≤
§£Suwgi|#dPSVkfV;cehiy¬dQ¢pryyp¤tcU
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M m
  $ "$A V 
 0" "?T E<-
K ∩ M m
}prg=d~uwlgic¥uwg#VUyVUTWVUg=d
w
£dPSVUg9£b¢kfpT =Dm=hiudlzpgµ®94'4Ñ¯ª£¤¨V
cfVUV·dPiud
ρ(A) =
¸urgi|
w
lncQkfV;}hSkkfV,g=d,D<-d¥¢pryyzp¤tc¨¢kprToDkfpx?p=celzdflprgSÆ¦dfPiuwd
w
lncQPiurkfTWprgil}r
<-dWkfV,TWurlzg?cdfp xSkprV dPiuddfPSVcfurTWV¸lnc!dkfhSV#¢prkV,u}~P±VUyVUTWVUg=d
w
pr
B ∩ M m
 4VUd
i ∈ S
*V
cfhi}~PÀdPiud
wi 6=
µuwg?| ucfcfhSTWVdfPiuwd
β >
 lc
lzVUg4_blgi}UV
w ∈ B
£
w
urgi|
K·i
¤¥lyzy7*V|l*V,kfV,g=d,
 VT urÁrV#ds¤pµTWprkV#piceV,kfuwdflprgic,  lzk~cedfyar£Dba 9VUTWT uÀ? £
lim supK·j→w πjwj =
© _bV;}pgi|yar£
limK·j→w Kij = wi
  kfpTKdfPSV;ceV·Ëur}dc,£b¤V
}pgi}yhi|V·dfP?ud¨dfPSV,kfV·Vvlncsd~c
j ∈ S
£b|Sl §VUkVUg=dQ¢kfpT
i
£bcfhi}~P
dfP?ud

≤ βπjwj
urgi|
wi ≤ βKij .
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i
uwgi|
j
uwkV|lcedflgi}d,£i¤¨VPiuÑV
A∗ij = A
+
ij = (AA
∗)ij
¨OQPSVUkV¢pkfV£¤V!},uwg«igi|
k ∈ Scfhi}~P¸dPiud
A∗ij ≤ βAikA
∗
kj .
®?4,=¯
OQPSV «igiuryZlgSrkV,|SlzV,gdlc#dPiud
A∗kjwj ≤ wk
*V,},uwhicfV
w
lnccfhSx*VUkf¡NP?uwkTpgSln}w  kfpT dfPSlncuwgi| dPSV
lgSV,m=hiuryzlzdflV,clg ®?4;¯uwgi| ®?4,=¯£7¤V|V;|hi}V#dfP?ud
wi ≤ β
3Aikwk ≤ β
3(Aw)i
 °¨pwdP
β
urgi|
i
urkfV
uwkSlzdfk~uwkar£9cfp
w ≤ Aw
OQPSV kfV,rV,kcfVWlzgSV;m=hiuwyl¬dsa lc¦uwyncepdkfhSVcflgi}VV,rV,kfa2V,yzV,TWVUg=d¦pw
M
lnc!cfhSx*VUkf¡
PiurkfTWprgil}r0OQPiVUkV¢prkV
w
lcQPiurkfTWpgSl}r
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π
lc¥pr9dPSV!cex*V,}Ulury©¢prkT
π = A∗b·
¢prktcfprTWV
iuceV,x?plzg=d
b ∈ S
£dPSV!}pkfkV,cfx*prgi|lgS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M
urgi|
M ′
|VUgSprdfVdPSVÀ[2urkedlzg cfxiur}UV,c }pkfkV,cfx*prgi|lgSAkV,cfx?V;}ªdflrV,yza±dfpAds¤¨p±|l §VUkVUg=d
iuceV,x?plzg=dc,£
b
urgi|
b′
  V!ceVUd
π = A∗b·
urgi|
π′ = A∗b′·
  V|V,gSpwdV·ba
K
uwg?|
K ′
dPSV![2urkedlzg#ÁrVUkgSV,yc
}pkfkV,cfx*prgi|lgSkfV;cex*V,}dflrV,yza dp
π
uwgi|
π′
D°¨a#}Uprgicedfkhi}ªdlzpg4£
Kbj =
Pipryn|ScQ¢prkturyzy
j ∈ S
 <-dt¢pyzyp¤tc
dfP?ud
wb =
#¢prk\uryzy
w ∈ M
QY\cflzgi dfPSV¦lzgi}Uyzh?celprglg±®Ò¯ª£i¤¨V!}pgi}yhi|V!dfPiuwd
M ⊂ Sb := {w ∈ S |
wb =

}
£§¤¥PSVUkV
S
|V,gSpwdV,c\dfPSVceVUdZpw
π
¡Nlg=dfVUkurSyV¦cehix?V,ke¡-PiuwkTWprgSln}·¢hSgi}dflprgic,!¶ZiceV,kfVdfP?ud
A∗biuwg?|
A∗b′j
uwkV«?gSl¬dVW¢prk!uryzy
i, j ∈ S
£cflzg?}VW?prdfP
b
uwgi|
b′
uwkViuceV,x?plzg=d~cUZhSVWdfpdPSV lzgiV,m=hiuwylzdflV,c
π′ ≥ A∗b′bπ
uwg?|
π ≥ A∗bb′π
′
£
π
¡-lzg=dVUrk~uwilzyl¬dsa lncWV,m=hSluwyVUg=ddfp
π′
¡Nlg=dfVUkurSlyzlzdsar  V2|V;|hi}VdPiud
M ′ ⊂ Sb′ := {w
′ ∈ S | w′b′ =

}
 Kprg?celn|VUk¥gip¤ dfPiVTWurxic
φ
urgi|
ψ
|V«igiV,|ba
φ(w) = w(wb′ )
−1, ∀w ∈ Sb ψ(w
′) = w′(w′b)
−1, ∀w′ ∈ Sb′ .¶ZicfVUkrVZdfPiuwdtl¬
w ∈ Sb
£dfPiVUg
wb′ ≥ A
∗
b′bwb = A
∗
b′b 6=
§ 6tV,gi}V£
w 7→ wb′
|pbV,c¥gSprdQduwÁV·dfPSVuwyhSV
pg
Sb
Z°¨aceabTWTWVdkfa£
w′ 7→ w′b
|pbV,cZgSprdtdurÁrV!dPSV¦uryzhSV:UV,kfp pg
Sb′
E<-dZ¢pyzyp¤tcQdfP?ud
φ
urgi|
ψuwkV·T¦hdhiuwyyza lgbrV,kcfVtPSpTV,prTWprkxSPSlncfTWc¤¥PSln}~P¸VUv}~P?uwgSV
Sb
urgi|
Sb′
7_blgi}V
φ
cfVUgi|ic
K·j
dfp
K ′·j
£
φcfVUgi|ScdPSV·dfPSV[2urkedlzgcexiu}V
M
£¤¥PSln}~P¸lnc¨dfPiV·}Uyzp=cehSkV·pw
K := {K·j | j ∈ S}
£=dfpdfPSV[2urkedlzgcexiu}V
M ′
£i¤¥PSl}~PlncQdfPSV!}Uyzp=cehikfV
pw
K ′ := {K ′·j | j ∈ S}
 6\VUgi}UVr£
φ
ceV,gi|ScQdPSV![2urkedlzg?phSgi|Surkfa
M \ KdfpWdPSV![2urkedlzg?phSgi|Surkfa
M ′ \ K ′

<-d\kVUT uwlgicQdpcePip¤ dPiudtdPSV!TWlgSlzT ury[2urkedlzgcfxiur}UV!}prkkV,cfx?pgi|lgS¦dp
π
£
M m
£ilnc\cfVUg=dtba
φ
dfp
dfPiVTlgSlT uwy9[2urkedlzgcfxiur}UV
}UprkkfV;cex*prg?|lzgi¦dp
π′
£
M ′m
9Vd
H ′[(z′, w′) = lim sup
K′
·i→z
′
lim inf
K′
·j→w
′
A∗b′iA
+
ij(A
∗
b′j)
−1 .
_blgi}V
φ
lcurg PSpTWVUprTWpkfxSPilcfT ceV,gi|lgS
K·i
dfp
K ′·i
£u#giVd
(K·i)i∈I
}pgbrVUkrV;ctdp
w
lzQurgi| prgSyal¬
dfPiVgSVd
(K ′·i)i∈I
}prgbVUkrV,cDdfp
φ(w)
£?urgi|cep
H ′[(φ(z), φ(w)) = lim sup
K·i→z
lim inf
K·j→w
A∗b′iA
+
ij(A
∗
b′j)
−1 = zb′w
−1
b′ H
[(z, w) .
<-d¥¢pryyp¤tc¨dfPiuwd
H[(w,w) =
¸lz­uwgi|#prgSyalz
H ′[(φ(w), φ(w)) =
§ 6\VUgi}UVr£
φ(Mm) = M
′
m

E
0R2S  EKprg?celn|VUk¨dPSVÁrV,kfgSV,y©prd~uwlgSV,|#ba#cfabTTWVUdfklcflzgi¦dPSVÁrV,kfgSV,y
H[
£
(z, w) 7→ H[(z, w)H[(w, z) .
OQPSV«igiury%urkfhSTWVUg=d\lg2dfPiVxSkpbpw7pr7o7kfpx?p=celzdflprgµ4¦cePip¤tctdPiudZdfPSlnc
ceabTWTWVdfklnceV;|ÁrV,kfgSV,ylncZlzgi|SV¡
x*VUgi|V,g=d¨pr*dPSV\?urcfVUx*prlgd;£hix dfpdPSV\ln|V,gdl¬«*}Uudlzpgpw
w
uwgi|
φ(w)
DOQPSV·cfurTV\lc7dfkhSVt¢pk7dfPiV\ÁrV,kfgiVUy
prSduwlgSV;|#ba¸cfabTWTVUdfklcflgS
H
£
(z, w) 7→ H(z, w)H(w, z) .
Þ9Þ Ó$[Së#\Q]^
4; C$    R $8A O A #

	 "'V  0
  !9U0Q#0¥9¥!   9# Q9S­!Q+ !@+D0
<´g xSkpr?uwSlyzlncedfln}x?prdfV,gdlury\dPSVUpkfa£¥V,u}~P cehSx*VUkf¡-PiuwkTWprgSln}rV;}ªdfpkPiuc¸u±higSlm=hSV kfV,xSkV,cfVUg=duwdflprg urc
lgdVUkurypVUkWu }UVUkfduwlg cfVd pwZrV,}dfpkc,£0dfPSVuwg?uwyprrhiV¸pw
M m ∪ K
 OQPSVcfl¬dhiudlzpg lnc cepTV,¤¥Piud
|l*V,kfV,g=d%lg¦dPSV¨TWuwvb¡NxSyhic0cfVdedlzgii  lkcedfyar£wu}U}Uprk~|lzgitdfp 4V,TWTWuZS FS£pgSV¨|Sp=V;c9gipwd­gSVUV;|dPSV¤¥PipryVpr
M m∪K
dpprd~uwlgu
kfV,xSkV,cfVUg=duwdflprgHG4urg=aceVUdD}pgd~uwlgSlgS
K
¤¥lzyy?|p?0_V,}pgi|yar£rdfPSVtkVUxikfV;ceV,gd~udlzpg
¤¥lyzy%gSpwd·gSV,}UV,ccfurkflya?VhSgSlnm=hSVr\OQPiV!¢pryyp¤¥lzgSds¤pWdPSVUpkfV,TWc,£*PSp¤V,rV,k,£icfPSp¤ dfPiuwd
M m ∪ K
csdlzyy
xSynuÑac¥uwglzTWx*prkfduwg=d¥kpryVr
 ºb¾  º 
  
   Ñ   º   º  º  , ¾ ¾ 	 Dº  ¼  S 
 ¾ Ë º w ¾   
 3"$.#'V#
u ∈ S

µu WA 
	
ν : Mn ∪ K → Rmax
Q$U  T#( 
u =
⊕
w∈Mm∪K
ν(w)w ,
®?4Ñr¯
 A(
ν : M m ∪ K → Rmax
Q$U  T#(    .	
A "X$ 
" 
   Q
sup
w∈Mm∪K
ν(w) < +∞
®?4 F¯
& $A(
ν

$U  T#(
	 &'  Q. Q(
M!Q;
Q 
u
"?T
S

 0" "?T Z°¨a 9VUTWT uS F£
u
},uwgW?V¥¤¥klzdedfV,g urc¥®?4Ñr¯%¤¥lzdfP
ν = µu
­_bhSxSx*pcfVQdfP?ud
ν : M m∪K → RmaxlnctuwguwkSlzdfk~uwka¢higi}ªdlzpg2cfuwdflncs¢ablgS®94;¯ª  VPiuÑrV
πu =
⊕
w∈Mm∪K
ν(w)πw .
°¨a 9VUTWT u? S£
πw =
¸¢prk¥V;ur}~P
w ∈ M m ∪ K
D_lzgi}UV
πu < +∞
£S¤V|V;|hi}UVZdPiud¦®94 F¯¨PSpy|Sc,
_bhSxix?p=ceV¸dfPiuwd
ν : M m ∪ K → Rmax
lncWuwg urkfil¬dkurkfa ¢hSgi}dflprgHcudlce¢ablzgiH®?4 Fr¯uwgi|±|SV«igSV
uba ®94;r¯¨_blgi}UV
dfPSV!px?V,kuwdflprgpw­T¦hiy¬dlzxSyln}Uudlzpg=a
A
}pTWT¦hdV,cQ¤¥lzdfP2uwkSlzdfk~uwkacehixSkfV,T uS£S¤¨VPiuÑrV
Au ≤ u
 \ycfp
πu =
⊕
w∈Mm∪K ν(w) < +∞
7_bp
u ∈ S

4VUd
w ∈ M m ∪ K
7OQPiVUg
ν(w)wi ≤ ui
¢pktuwyy
i ∈ S
D_bpW¤V
PiuÑV
ν(w)H(w,w) = ν(w) lim sup
K·i→w
πiwi ≤ lim sup
K·i→w
πiui = µu(w) .
_blgi}V
H(w,w) =
§£i¤V
prSduwlg
ν(w) ≤ µu(w)

 V
cfPiuryzy©gSp¤ rlrV
uwgSprdfPSV,kQlzg=dfV,kfxikfVUdudlzpg¸pr9dfPiV!ceVUd
M m ∪ K
4VUd
V
*VuZ#A Q
QY" &$%;Qpw
RSmax
£SdfPiuwdtlctu cfhSicfVdtpr
RSmax
cedurSyzVhigi|VUk\x?plzg=ds¤¥lnceV
T uvlT¦hST uwgi|#dfPiV!ur|S|lzdflprgpr0u }Uprgicedurgd
®ËcfVUV - [À_4r£PK·w$5t¢prk|V«igil¬dlzpgic¸urgi| xSkfpx?V,kedlzV;c pw!cfVUTWlTp|hiyzV;c¯  VÀcuÑa±dfP?ud#uAV,}ªdprk
ξ ∈ V \ {

}
lc¥urg! 	U0
 

0$ "$pr
V
l¬
ξ = u⊕ v
¤¥l¬dP
u, v ∈ V
lzTWxSylV,c¨dfP?ud¥VUlzdfPSV,k
ξ = u
prk
ξ = v
7OQPSlc¥}Uprgi}UVUxd¥PiucU£bpr%}phSk~ceV£burg#urgiuwyprhSVZlg#dfPSV
hicfhiuwy4uryzVUSk~uS£=¤¥PSV,kfV·VvbdfkVUT ury*VUgSV,kuwdfpkc
uwkV¦|VU«igSV;|¢prk·}pgSV,c,Z[2uwvb¡NxSyhic\VvbdfkVUT uwyrV,gSVUk~udprk~ctuwkV¦uwyncfp¸}UuryzyV,|
"$ 0#&AV
  Q;·V,yzV,TWVUg=dcZlzg
dfPiVyuwdedfln}VylzdfVUk~udhSkVr KyzV;uwkyza£l¬
ξ
lc¥urgVUvbdfkVUT uwy§rV,gSVUk~udprkQpw
V
dfPSV,gcepWlnc
αξ
¢prkturyzy
α ∈ R
  V
cuÑa#dPiudu#rV,}dfpk
u ∈ RSmax
lcY" 
#&l¬
πu =
© <-
V
lc
ucehS?ceVUd·pr7dfPSVWcfVd
pw
π
¡-lzg=dVUrk~uwiyzV
rV;}ªdprk~cU£dPSVUg2dfPSV¦cfVdZpw­l¬d~ctVUv=dkfV,T uwy4VUgSV,kuwdfprk~cQlnctVvSu}ªdfyadPSV¦cfVd\pr
αξ
£*¤¥PSVUkV
α ∈ R
uwgi|
ξ
lcZu
gSpkfT uwylnceV;|¸VUv=dkfV,T uwy§rV,gSVUk~udprk;
 ºb¾  º 
 

Y A " 
#&. 	U0
  QQ0$ "$#@"9T
S
  0#VQ 

(WAE
;
 
AUP"9T
M m∪K

OQPSV
xSkpbpwprdPSlncQdfPSV,prkVUTkVUylV,cQprguWceV,kflV,cQpr%urhvlzylurkfa kV,cfhSyzdc,
Ü¢ÝÞ9Ü×ß
 
	! #"$%&'$( 4,
Dº 
 
   
 	 
  "
. $
ξ ∈ M m ∪ K
V#!    
X  TQ" ξ = ⊕w∈M ν(w)w
  AQ0
ν : M → Rmax
 W 'AQ 

 V#" U A"	  
  
0 	  
w ∈ M
AV IA
ξ = ν(w)w

 0" "?T   pk#uryzy
i ∈ S
£¥¤¨V2PiuÑrV
ξi =
⊕
w∈M ν(w)wi
 Zc dPSV }UprgbrV,gdlzpgiuwytcfhST pw
ds¤¨p hSxSx*VUk
cfVUTWl}Uprg=dflgbhSprh?c¢hSgi}ªdlzpgic,£QdfPSV¢higi}ªdlzpg
M → Rmax : w 7→ ν(w)wi
lnc hSxix?V,k#cfVUTWl}Uprg=dflgbhSprh?cU
_blgi}V
M
lnc¦}pTWxiur}d,£4dPSV#cfhSxSkVUThST^pr
ν(w)wi
lnc¦uwdedurlzgiV,|AudcfprTWV
w(i) ∈ M
£lg pwdPSVUk!¤¨prk~|Sc
ξi = ν(w
(i))w
(i)
i
D_blzg?}V
H(ξ, ξ) =
§£i=a#|V«igil¬dlzpgpr
H
£bdfPSV,kfV
Vvlncsd~ctugSVd
(ik)k∈D
prV,yzV,TV,g=dc¥pr
S
cfhi}~P dPiud
K·ik
}pgbrVUkrV;c0dfp
ξ
urgi|
πikξik
}UprgbrV,kfV,c0dp ©0OQPiV·[2urkedlzgcex?ur}V
M
lncQ}pTx?ur}ªdQuwgi|
cfpi£iba#durÁ=lgSucfhSSgiVdZlz­gSV,}UV,ccfurkfa£S¤¨V!T uÑa#urccfhSTWV
dfPiuwd
(w(ik))k∈D
}prgbVUkrV,cdp¸cepTWV
w ∈ M

Xtp¤£b¢pktuwyy
j ∈ S
£
Kjikπikξik = A
∗
jik ξik = A
∗
jikν(w
(ik))w
(ik)
ik
≤ ν(w(ik))w
(ik)
j ,
cflzgi}UV
w(ik)
lccehSx*VUkf¡-PiuwkTWprgSln}w2O%uwÁblgSdfPiV¸ylzT cfhSx±urc
k → ∞
£­¤V¸rVd¦dfPiuwd
ξj ≤ ν(w)wj
ÀOQPSV
kVUrV,kcfV·lzgSV;m=hiuwyl¬dsa¸lc¨dkfhSVba¸ucfcfhSTWxdlzpgurgi|dPSVUkV¢pkfV
ξj = ν(w)wj

OQPSV·¢pryyp¤¥lzgS }UprgicfV,m=hSV,gi}V·pw%dfPSlnc¥yVUTWT uxSkfpV,c¨prgiV·x?uwkfdQpr0OQPiVUprkVUT Fi 
  ¾  ¾  Ò »  
 
 
  
(ZQQQ  "9T
M m ∪ K
 ."$ $ 
#&Z 	U0
  QQ0$ "$"?T
S

 0" "?T  4VUd
ξ ∈ M m ∪ K
  VÀÁbgSp¤ ¢kfpT 4VUTWT u ? AdPiud
ξ
lc¸gSprkT uwylcfV,|4 <´g xiuwkfdfln}hiyurk,£
ξ 6=
§  V#uwyncfpÀÁbgSp¤ ¢kfpT =Dm=hiudlzpg ®Ò¯dPiud
ξ ∈ S
A_bhixSx?p=ceV
u, v ∈ S
urkfVcehi}~P±dfPiuwd
ξ =
u ⊕ v
 °¨a 4VUTWT uHS F£t¤¨VÀPiuÑV
u =
⊕
w∈M µu(w)w
urgi|
v =
⊕
w∈M µv(w)w
 OQPSV,kfVU¢prkVr£
ξ =
⊕
w∈M ν(w)w
£­¤¥lzdfP
ν = µu ⊕ µv
¸_lzgi}UV
µu
uwg?|
µv
uwkVhixSx?V,k¦cfVUTWl}Uprg=dflgbhSprh?cZT urxic·¢kfpT
M
dfp
Rmax
£4cfp¸lnc
ν

°¨adPSVxikfV,=lprh?ctyVUTWT uS£§dfPiVUkV¦Vvlncsd~c
w ∈ M
ceh?}~PdfPiuwd
ξ = ν(w)w
¦Xtp¤£
ν(w)
T¦h?csdtV;mh?uwy©VUlzdfPiVUk
µu(w)
prk
µv(w)
  lzdfPSphdtypccQpw0rVUgiVUk~uwyl¬dsa£bucfcfhSTWV·dfPSV!«ikcedt}UuceV7OQPSVUg
ξ = µu(w)w ≤ u
£0uwg?| celgi}V
ξ ≥ u
£0¤¨V|V,|h?}V dPiud
ξ = u
OQPSlnc¦cfPSp¤tc
dPiud
ξ
lnc¦urg VvbdfkVUT uwy
rV,gSVUk~udprkQpw
S

OQPSV·¢pryyp¤¥lzgSWyVUTWT u¤¥lzyy9uwyyp¤ hic¨dpW}UprTWxSyVdV
dfPSVxSkpbpw%pw%OQPiVUprkVUT FSÆb
Dº 
 
  
 
 3

F ⊂ RSmax
   V#"EVQ@V
;"J%0
F̄
 @0" &AV
  "#"$;" '( YQ"8. 
(
V
 

Q  "

;
 
AU.0Y"?TW  TQ"
ξ =
⊕
w∈F
ν(w)w ∈ RSmax,
¤¥l¬dP
ν : F → Rmax, sup
w∈F
ν(w) <∞ .
®?41w¯
>Q
ξ
 #  	'0
 $  

08""?T
V
E&
ν
 # 
  L 
@ 
0M 	' U
w ∈ F̄
AV#LA
ξ = ν̂(w)w
  AQ 
ν̂(w) := lim sup
w′→w, w′∈F
ν(w′).
 0" "?T ·_blgi}V
ν ≤ ν̂
£4¤¨V PiuÑrV
ξ ≤
⊕
w∈F ν̂(w)w ≤
⊕
w∈F̄ ν̂(w)w
,KyV,urkfyar£
ν(w)wi ≤ ξi
¢prk!uwyy
i ∈ S
uwgi|
w ∈ F
OurÁ=lgSdfPiV·ylTWcfhSxurc
w → w′
¢pktuwgba
w′ ∈ F̄
£¤VVdQdfPiuwd
ξi ≥ ν̂(w
′)w′i.
KprTSlgSV,|¤¥lzdfPdfPSVxikfV,=lprh?clgSV;mh?uwyl¬dsa£bdfPSlnc¥rlrV;c¨hicQdfPiVkfV,xSkfV;ceV,g=dudlzpgic
ξ =
⊕
w∈F
ν̂(w)w =
⊕
w∈F̄
ν̂(w)w .
®?4 /=¯
Þ9Þ Ó$[Së#\Q]^
4U C$    R $8A O A #

	 "'V  0
Kprg?celn|VUkQgSp¤£b¢pk¥V,u}~P
i ∈ S
uwgi|
α <
§£dPSV!ceVUd
Ui,α := {w ∈ F̄ | ν̂(w)wi < αξi} ,
¤¥PSln}~P±lnc!prx*VUg lzg
F̄
cflgi}V¸dfPSV#TWurx
w 7→ ν̂(w)wi
lchSxSx*VUkceV,Tln}pg=dflg=hiprhic, 4VUd
ξ ∈ V \{

}
*V
cfhi}~P2dPiud
ξ 6= ν̂(w)w
¢pk
uryzy
w ∈ F̄
  VW}pgi}yhi|VdfPiuwd
dfPSV,kfVVvlncsd
i ∈ S
uwgi|
α <
Àcehi}~P dfP?ud
αξi > ν̂(w)wi
£©¤¥PSln}~P cfPSp¤tc\dfPiuwd
(Ui,α)i∈S,α<  
lc
uwg prx*VUgµ}prV,kflgSpr
F̄
_blgi}UV
F̄
lc
}pTWxiur}d,£
dfPiVUkVVvlcedc¥u«igil¬dV!cehSS¡-}UprVUklgS
Ui1,α1 , . . . , Uin,αn

Y\cflgS®?4 /¯Quwgi|#dfPiVl|V,TWx?prdfVUg?}aprdPSV
⊕
ynuÑ¤£¤V
Vd
ξ = ξ1 ⊕ · · · ⊕ ξn
¤¥lzdfP
ξj =
⊕
w∈Uij,αj ∩F
ν̂(w)w ,
®?4;¯
¢prk
j = 1 . . . , n
 _blgi}VdPSV2cehixSkfV,T¦hST pw
ν̂
pVUk
F̄
lncWdfPSV2cuwTWV2ucdfPiuwdprVUk
F
£¨dfPiVrV,}dfpkc
ξ1, . . . , ξn
uwyy§?V,yzpgS¦dp
V
D_blgi}V
ξ
lncQuwg¸VUvbdfkVUT uwy*rV,gSVUk~udprk¨pw
S
£¤V·T¦hicedQPiuÑrV
ξ = ξj
¢pk¨cfprTWV
j
7OQPSVUg
Uij ,αj ∩ F
lncQgSprgS¡NV,TxSdsar£Suwg?|cfp
ξij >
§7°¨hd,£S¢kfpT dfPSV!|SV«igSlzdflprgpr
Uij ,αj
£
ξjij =
⊕
w∈Uij,αj ∩F
ν̂(w)wij ≤ αij ξij < ξij .
OQPSlnc¥cePip¤tc7dPiud
ξj
lncQ|l §VUkVUg=dQ¢kprT
ξ
£Suwg?|¸cfp=Dm=hiuwdflprgµ®?4,¯DlzV,cDdfPSV
kV,m=hSlkfV;||V;}prTWx*pcfl¬dlzpg¸pr
ξ
£SxSkpblzgilzdtlctgSpwdtuwgVvbdkfV,TWury©rV,gSVUk~udprkQpw
V

 VgSp¤ }Uprgi}Uyzhi|SVZdPSVxSkpbpwpr%OQPSV,prkVUT Fi %G
  ¾  ¾  Ò »  
  
  
(M"$ $ 
 &, 	'0
 $ 

0$ "$."?T
S
 #Q;"$$W "
M m ∪ K

 0" "?T ZO%uwÁrV
F = M m∪K
uwgi|yzVUd
V
?Vtuc­|V«?gSV,|Wlg 4VUTWT uWFi b0OQPSV,g4£rba|SV«igSlzdflprg9£
F̄ = M
£
¤¥PSln}~P lnc
}pTx?ur}ªd;¦°¨a2OQPSVUpkfV,T FS4w£
V = S
 4Vd
ξ
?VWu¸giprkTWuryzlncfV,|2VUvbdfkVUT uwy%rV,gSVUk~udprk\pr
S

t=uwlg#ba¸OQPiVUprkVUT Fi;4r£
ξ = ⊕w∈Fµξ(w)w
¨_blgi}UV
µξ
lncQhSxSx*VUktcfVUTWln}prg=dlzgbhSphic¨prg
M
£ 9VUTWT uYFi 
ablzV,y|ic
ξ = µξ(w)w
¢pk·cfprTWV
w ∈ M
£§¤¥l¬dP
µξ(w) 6=
cflgi}V
ξ 6=
§\X\pwdV!dfP?ud
µαu = αµu
¢pkZuwyy
α ∈ Rmax
urgi|
u ∈ S
\xSxSya=lgS¸dfPSlncZdfpdPSVxSkfV,blzphictV;mh?udflprg uwgi|V,uwyhiudlzgSud
w
£©¤V|V,|h?}V
dfP?ud
µξ(w) = µξ(w)µw(w)
7OQPbhic,£
H(w,w) = µw(w) =
§ <´g¸u|S|lzdflprg4£
ξ
lcgSprkT uwylcfV,| urgi| cfpi£==a
4V,TWTWuW? S£

= πξ = µξ(w)πw = µξ(w).
6tV,gi}V
ξ = w ∈ M m ∪ K

  U¦©© !¥ "¥9Q+¨
<´g prk~|V,k
dfp2xSkprV u[2urkedlzg kVUxikfV;ceV,gd~udlzpg2dfPiVUprkVUT ¢prk¦PiuwkTWprgSln}rV,}dfpkc,£9¤¨V ¤¥lzyyDh?ceV¸ugipwdflprg
uwxix?V;uwklzgS¸lzg - 2= 5­uwgi| - 2[21=£ $5-£?¤¥Pil}~P2¤¨V¦¤¥lyy%},uwyy%uryzTWpcede¡-rV,p|V,cfl}r uwklnudflprgpr­dfPSlnc
gSprdflprguwxSx*V,urkfV;|lg!- {¥lV,= 5-  V¤¥lyzy}prTWxiurkfVZdfPiV
ds¤pWgSprdflprgicQynudVUk¥lg¸dPSV!ceV;}ªdlzpg4
4VUd
u
?V!ucehix?V,ke¡-PiuwkTWprgSln}ZrV,}dfpk,£=dfP?ud¥lc
u ∈ RSmax
uwg?|
Au ≤ u
 4Vd
α ∈ Rmax
*V!ceh?}~P¸dPiud
α ≥
§  V!cuÑa dfPiuwd\u ceV;m=hSVUgi}UV
(ik)k≥0
¤¥lzdfPuryzhSV;cQlzg
S
lnctuwg
α
9"J#" &'Q# V\¤¥lzdfPkfV;cex*V,}d¥dfp
u
lz
ui0 ∈ R
urgi|
ui0 ≤ αAi0i1 · · ·Aik−1ikuik
¢prktuwyy
k ≥ 0 .
®Òr¯
_blTWlzynuwkyza£
(ik)k≥0
lc0urg
α
9$"JU #" & V%¤¥lzdfPkfV;cex*V,}d9dfp
utyV×d­cfhSx?V,ke¡-PiurkfTWprgil}­V,}dfprk
σ
lz
σi0 ∈ Ruwg?|
σik ≤ ασi0Ai0i1 · · ·Aik−1ik
¢prktuwyy
k ≥ 0 .
Ü¢ÝÞ9Ü×ß
 
	! #"$%&'$( 4;
 V ¤¥lzyy|kprx dfPiV kfVU¢VUkVUgi}UVdp
α
¤¥PSV,gµlzdc!ÑuryzhiVlnchSgilzTWx*prkfduwg=d;¶ZicfVUkrVdfPiuwd,£9lz
(ik)k≥0
lnc!uwg
uwyTWpcede¡-rV,pb|SV,cfl}·¤¥lzdfPkV,cfx?V;}ªd¥dfp#cepTVklrP=d\cehix?V,ke¡-PiuwkTWprgSln}·rV;}ªdfpk
u
£idfPSV,g?prdfP
uik
urgi|
Aik−1ikuwkV¥lg
R
¢pkuryzy
k ≥ 0
%OQPilcDlcDgSpwdDgiV,}V;cfcuwklyzadkfhiV¥l¬
(ik)k≥0
lncDurg uwyTp=csdf¡NVUp|V;celn}¨¤¥l¬dP kfV;cex*V,}d7dfp
u yV×d
cehSx*VUkf¡-PiuwkTWprgSln}
rV;}ªdfpk
σ
£*PSp¤V,rV,k,£Slz7ur|S|Sl¬dlzpgiuwyyza
σik ∈ R
¢pkZuryzy
k ≥ 0
£?dfPSV,g
Aik−1ik ∈ R¢prkturyzy
k ≥ 0

Dº 
 
   

 3

u, σ ∈ RSmax
 #  0QUA#VQ  Q(   J $&;UT#  
U$ "$A V  #VQ8"# &##%
 
u
 
σ
8A8 $ ' 
;  AP 
σu < +∞
 T
(ik)k≥0
  "J#" &'Q# V  C0QUA#VQP8" u  $& T
σi0 ∈ R
 AQ
(ik)k≥0
 .X$"JU #" & V   I0Q#V
 8" σ 
 0" "?T Z[hSyzdflxSyablzgS=mh?udflprg ®Nwr¯¨ba
σik (ui0)
−1 £S¤¨V·pdurlzg
σik ≤ ασikuik(ui0)
−1Ai0i1 · · ·Aik−1ik ≤ α(σu)(σi0ui0)
−1σi0Ai0i1 · · ·Aik−1ik .
_bp
(ik)k≥0
lctu
β
¡´uwyTWpcede¡-rV,pb|SV,cfl}\¤¥l¬dPkV,cfx*V,}ªd¥dp
σ
£S¤¥l¬dP
β := α(σu)(σi0ui0)
−1 ≥ α

Dº 
 
   
 
 3

(ik)k≥0
 , "J#" &'Q V   0QUA#VQ8" π &CQ β >    
 TQ" `;$  
"$   
(ik)k≥`
  
β
9  "#  " &'Q V  I0A#VQ  " π 
 0" "?T  Kprg?celn|VUk·dPSVWTWuwdfkl¬v
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Āij := πiAij(πj)
−1 £S¤¨V
rVd
lim sup
K·i→w
lim inf
K·j→w
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}pgbrVUkrV;c%dfpcepTV\x?plzg=dQlzg
M
7_blgi}V
(ik)
lnc¨u¦cfhSicfV,m=hSVUg?}Vtpr
(jm)
uwg?|
K·ik
}prgbVUkrV,c
dfp
w
£S¤V|V;|hi}UV
dfPiuwd
K·jm
urycfp }pg=VUkrV;c7dp
w

Ü¢ÝÞ9Ü×ß
 
	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&'$( 4J1
E
0RC1 1  <-
S
lncQ}prhigd~uwSyVr£=dPSVZxikfp|hi}ddprx*pryprapg
M
lncTWVUdfklcuwSyVr­OQPSV,g4£bdfPiV·ucfcfhSTWxdflprg
pw0o7kprx*pcfl¬dlzpgI1 Flnctcfuwdflncs«?V,|©
E
0RX1b / 
ZcfcfhSTWVdPiud
(S, d)
lnc\u TWVUdfkl}!cfxiu}Vr£?yzVUd
Aij = A
∗
ij = −d(i, j)
¢prk
i, j ∈ S
£§uwg?|#yVd
π = A∗b·
¢prk\urgba
b ∈ S
  V!PiuÑV
K·j = −d(·, j) + d(b, j)
¨YZcelgSWdfPiVdfklurgSryVlgSV,m=hiuryzlzdsa¢pk
d
£?¤V
cfVUVZdfPiuwd,£b¢prk¥uryzy
k ∈ S
£dPSV·¢hSgi}dflprg
K·k
lnc¨gSprgS¡NVUvbx?uwgicflzVr£=TWV,uwgilzgSdfP?ud
|Kik −Kjk| ≤ d(i, j)
¢pk
uwyy
i, j ∈ S
 <-d¢pyzyp¤tc7dPiudQVUVUkaT urxlzg
M
lcgSprgS¡NVUvbx?uwgicflzVr0°¨a Zcf}Upryl cDdfPSV,prkVUT£rdPSVZdfprx*prypra
pw0x*prlgds¤¥lncfV·}UprgbrV,kfVUgi}UV\prg
M
}Uprlgi}ln|V,c¨¤¥lzdfPdfPiV
dfprx*prypra pw%hSgSlz¢prkT }pg=VUkrV,gi}VZprg}prTWxiu}ªd
cfVdc, 6tV,gi}V£=lz
S
lncDu}prhigd~uwSyVthSgilzpgpw9}UprTWxiur}dcfVdc,£dfPSV,g
M
lcDTVUdfklcuwiyzV\urgi|WdPSVZucfcfhSTWxdflprg
pw0o7kprx*pcfl¬dlzpgI1 Flnctcfuwdflncs«?V,|©
 	E1b  ·OQPSV¸ucfcfhSTWxdlzpgµlgAo7kprx*pcfl¬dlzpg 1 F},uwgSgipwd!*V|lcfx*VUgicfV,|A¤¥lzdfP4Op2ceV,VWdfPSlncU£%d~uwÁrV
S = ω1
£§dfPSV«ik~ced·hSg?}prhigd~uwSyVprk~|lzg?uwyN  pk
uryzy
i, j ∈ S
£4|VU«igSV
Aij := 0
lz
i < j
urgi|
Aij := −1pwdPSVUk¤¥lnceV\OQPSVUg9£
ρ(A) =
uwg?|
A = A+
 \ycfp
A∗ij
V;m=hiuwync
0
¤¥PSVUg
i ≤ j
urgi|
−1
prdfPSV,kf¤¥lnceV  V
durÁrV
π := A∗0·
£i¤¥PSV,kfV
0
|VUgSprdfV;cQdfPSVceT uryzyV,cedtprk~|lgiuwyN  lzdfPdPSlnc\}~PSpl}UVr£
πi =
#¢pk\uwyy
i ∈ S
£*uwgi|
K = A∗

4VUd
D
*VtdPSVZcfVd¨pw4T uwx?c
S → {−1, 0}
dfPiuwd¨urkfV¥gSpg¡´|V,}UkfV;urcflzgS!urgi|durÁrV¥dPSV\uryzhSVZ!udQS  prk
V,u}~P
z ∈ D
£4|VU«igSV
s(z) := sup{i ∈ S | zi = 0} ∈ S ∪ {ω1}
¶Zhik·},uwyn}hSynudlzpgicZur?pV!yV,ur|ÀhicZdfp
}pgi}yhi|V
dPiud
K = {z ∈ D | s(z) ∈ S
uwgi|
zs(z) = 0} . VgipwdfVdfP?ud
D
lnc
}ypcfV,|lg2dPSVWxSkpb|Shi}ªd·dfpx?pyzpraprg
{−1, 0}S
uwgi| }pgd~uwlgic
K
  hSkedPSVUkTWprkVr£
VUVUka
z ∈ D\K
lc9dfPSVyzlTWl¬d%pwdPSVDgSVUd¨®
A∗·d)d∈D
lgi|VUvV,|baZdfPSV¨|lzkV,}dfV;|!ceVUd
D = {d ∈ S | d < sz}

OQPSV,kfVU¢prkV
dfPSV[2uwkfdflg2cex?ur}V¦lc\rlrVUgba
M = D
@=7rV,kfaylzTWlzdZprk~|lgiuwy
γ
yV,cc¥dfP?uwgprkZV,m=hiury4dfp
ω1ablzV,y|ic0prgSVQx*prlgd
zγ
lzgdfPiVt[2uwkfdflg*prhigi|Suwka
B := M \K
G9¤¨VQPiuÑrV
zγi = 0
¢prk
i < γ
£uwgi|
zγi = −1pwdPSVUk¤¥lnceV
_blgi}V
A+ii = Aii = −1
¢pkQuryzy
i ∈ S
£bdPSVUkVuwkV
gSpkV,}UhSkkfV,gdQx*prlgd~cU£Surgi|cep
K ∩ M m
lcQV,TxSdsar
 pk7uwgba
z ∈ B
£¤VQPiuÑV
zd = 0
¢prk7uwyy
d < s(z)
0O%uwÁblzgiZdPSVQyzlT cehix4£r¤¨V¥}prg?}yhi|V¨dfPiuwd
H(z, z) =
§£
dfPbhic
M m = B
 <´gxiurkedl}UhSynuwk;£dPSVln|VUg=dfln}UuryzyaM:,VUkpV,}dfprk
zω1
lnc¥lzg
M m

_blgi}Vu }prhigd~uwSyVhSgSlprgpr7}prhigd~uwSyV!cfVdctlcZ}prhigd~uwSyVr£S¢prkZurgba#cfV,m=hSVUg?}V
(ik)k∈N
pw­V,yzV,TV,g=dc
pw
S
£dPSV!cfhSxSkVUT¦hiT
I = supk∈N ik
*VUyprgic¨dfp
S
£iuwgi|cfplzdc\cehi},}V;cfcfprkQprk~|lgiuwyN£bdfP?udt¤¨V
|SVUgSprdfVba
I + 1
£uwyncfp*VUyprgS=c7dp
S
7_blzg?}V
limk→∞KI+1,ik = −1
£
K·ik
},uwgSgSprdQ}UprgbrV,kfV¥dfp
zω1
£¤¥PSln}~P#cfPSp¤tc
dfP?ud¥dfPiVx?plzg=d
zω1
lzgdfPiVTlgSlT uwy9[2urkedlzgcfxiur}UV·lncQgSprd¥dfPSVylzTWlzdtpw0uwguwyTWpcede¡-rVUp|V;celn}w
 VgSp¤ }pTWxiuwkV#phSk gSprdflprg pw·uryzTWp=csdf¡NVUp|V,cfln}¤¥lzdfP dfPiuwdpw
{¥lzV *V,y - {¥lzV; 5ZlzgHdfPSVTWVUdfkl}
cfxiur}UVZ}UuceV \c¨uw*prVr£=¤¨V·ucfcfhSTWVtdPiud
(S, d)
lcQu¦TVUdfkl}·cfxiur}UVZuwg?|WdurÁrV
Aij = A
∗
ij = −d(i, j)
urgi|
πi = −d(i, b)
£r¢pk¨urgcepTV
b ∈ S
­OQPSV·}prTWxiu}ªdl¬«?},udlzpg pw
S
|lncf}UhicceV;| lzg- {¥lV,J5N£}UuryzyV,| dfPSV,kfV¥dPSV
Q V.V#"EA'V
U  V $U "$i£Slnc¨dfPiV
}Uyzp=cehikfVZpw
K
lgdfPiVZdprx*prypraprhSgil¬¢pkfT}UprgbrV,kfVUgi}UVtprg}prTWxiu}ªd
cfVdc,£S¤¥PSln}~P4£ba¸{¥V,T uwkÁ,1b /£Slnc¨dfPSV!cuwTWVurcQlzdc¥}Uyzp=cehikfV·lzgdPSVxSkpb|Shi}ªd¥dprx*pryprra><-d¥dPbhic¥}plzgi}Ul|SV,c
¤¥lzdfPdfPSV[2urkedlzgcfxiur}UV
M
  V¤QuwkgdPSV
kfV;ur|V,k¨dfPiuwdtÑurkflnuwg=d~cDprdPSV
TVUdfkl}
}UprTWxiur}dflz«?}Uuwdflprg}Uuwg
*V¢phSgi|lzgdfPiV¨ylzdfVUk~udhSkVr£lgxiurkedl}UhSynuwk;£,dPSVQkfVU¢VUkVUgi}UV,c -·kfp /4£w°Quwyn 5ShicfVdfPSV¨dfpx?pyzpra
pw*hSgSlz¢prkT
}pgbrVUkrV,gi}VZprg*prhSgi|SV,|ceVUdcQk~udPSVUk¨dfP?uwgprg}pTx?ur}ªd~cU
¶ZicfVUkrVdfPiuwd7dfPiV¥iurcfVUx*prlg=d
b
},uwgW?Vt}~PipcfVUgWlzg urgWurkfil¬dkurkfa¤QuÑaG4lzg?|VUV;|©£w¢pkDuwyy
b′ ∈ S
£=ceVUdedflgS
π′ = A∗b′·
£©¤VrVUd
π′ ≥ A∗b′bπ
urgi|
π ≥ A∗bb′π
′ £©¤¥PSln}~PÀlTWxSylzV;c\dPiud!uryzTWpcede¡-rV,p|V,cfl},ctlgÀphSk·cfVUg?ceVuwkVdfPSV cuwTWV!¢pkZdPSVWiurcfVUx*prlg=dc
b
urgi|
b′
OQPSVUkV¢pkfV£*¤¥PiVUgAcex*V,urÁ=lgS#pw¨uryzTWp=csdf¡NVUp|V,cfln}UctlgµprhSk
cfVUgicfVr£lguTWVUdfkl}cfxiur}UVr£¤¨V
¤¥lzyy4prTWlzdQdfPSVkV¢V,kfV,gi}V·dfp
π

{¥lV §VUy¨|V«igiV,c¦urg±uwyTWpcede¡-rVUp|V;celn}Wurc!urg
S
¡-ÑuryzhiV,|µT uwx
γ
¢kprT uwg hSgb*prhSgi|SV,| cfVd
T
pr¥kfV;uwy
gSpgSgSVU=udlzVtgbhST¦*VUk~c}Uprg=durlzgilzgS
0
£cfhi}~P dfP?ud¨¢prkQuwyy
ε > 0
£¢prkQuwyy
s ∈ T
ynuwkrVtV,gSprhSP4£uwgi| ¢prkQuwyy
t ∈ T
cfhi}~P#dfPiuwd
t ≥ s
£
|d(γ(t), γ(s)) + d(γ(s), γ(0)) − t| < ε .
°¨aduwÁblgS
t = s
£b¤V·ceV,V¥dfP?ud
|d(γ(t), γ(0))− t| < ε
­OQPbhic,£=uryzTWpcede¡-rV,p|V,cfl},c­lg dfPSV
cfVUgicfVtpw9{tlzV *V,y
uwkVt²euryzTWp=csde³Zxiuwk~uwTWVUdfklcfV,|¸=a#uwk~}ª¡-yzV,gSwdP4£bhSgSylzÁV
dfPSp=ceV
lgphSktcfVUgicfVr
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γ : T → S
|V,gSpwdV!uwguwyTWpcede¡-rVUp|V;celn}·lzgdPSV¦cfVUgicfVpw­{¥lV §VUyNOQPSV,g4£S¢pk\uwyy
β >
§£i¤¨V
PiuÑV
A∗γ(0),γ(t) ≤ βA
∗
γ(0),γ(s)A
∗
γ(s)γ(t)
®Òr¯
¢prk¨uwyy
s ∈ T
ynuwkrV¥VUgiprhSPWurgi|¢prkuwyy
t ∈ T
cfhi}~PdfP?ud
t ≥ s
7_blgi}V¥dPSV\}~PSpl}UVtpw*dfPiV\iuceV,x?plzg=d
b
lnc
lkfkVUyVUuwg=d;£w¤VQT uÑa!urccfhSTWVdPiud
b = γ(0)
£rcfp·dfPiuwd
πγ(s) = A
∗
γ(0),γ(s)
 \c0lgdPSVQxSkp=pr?pr 9VUTWT uW1 
¤¨V
cfVd
Āij = πiA
∗
ijπ
−1
j
  V!|SV,|hi}UV·¢kfpT^®Òr¯dfP?ud
β−1 ≤ Āγ(s)γ(t) ≤

.
4VUdDhic}~PSpbpcfVQucfV,m=hSV,gi}V
β1, β2, . . . ≥
Wcfhi}~PdfPiuwd7dfPiVtxSkpb|Shi}ªd
β1β2 . . .
}pgbrVUkrV;cdfp¦u·«igil¬dVtyzlTWl¬d;
 V!}Uuwg}pgicedfkhi}ªdtu cfV,m=hSVUg?}V
t0 < t1 < . . .
pwV,yzV,TWVUg=dc¥pr
T
cfhi}~PdfPiuwd,£ScfVdedlzgi
ik = γ(tik )
£
Āikik+1 ≥ β
−1
k .
OQPSV,g4£tdPSVÀxSkp|hi}d
Āi0i1Āi1i2 · · ·
}UprgbrV,kfV,c,£Q¤¥PSl}~P lzTWxSylzV;cdPiuddfPiV cfV,m=hSVUg?}V
i0
£
i1, . . .
lcuwg
uwyTWpcede¡-rV,pb|SV,cfl}ZlzgphSk¥ceV,giceV
KprgbVUk~ceV,yza£=yVd
i0, i1, . . .
?Vuwg2uwyTWpcede¡-rV,pb|SV,cfl}ZlzgphSk\cfVUgicfVr£?uwgi|urccfhSTWV
dfPiuwd
tk = d(b, ik)
lnc
gSprd·*prhSg?|V,|©t×dfV,k·kVUxiyu}lgS
ik
ba2u¸cfhSicfV,m=hSV,gi}V£§¤VT uÑaucfcfhSTWV!dPiud
t0 < t1 < . . .
  VWcfVd
T = {t0, t1, . . .}
urgi|
γ(tk) = ik
  V
}~Pip=p=ceVZdfPiV·?urcfVUx*prlgd
b = i0
£ScfpdfPiuwd
t0 = 0 ∈ T
£Surc¨kfV;m=hSlzkV,|
lg#dPSV!|VU«igSlzdflprgpw0{¥lzV *V,yÒ 4VUTWT uM1bÆlzTWxSylzV;cQdfP?ud
A∗bik ≤ βA
∗
bi`A
∗
i`ik
PSpy|Sc\¢prk
uwyy
`
yurkfV!VUgiprhSP2uwgi|2¢prk
uwyy
k ≥ `
_blzg?}V
t−1k = A
∗
bik
£
γ
lnc·uwgÀuryzTWpcede¡-rV,p|V,cfl}!lzgdPSV
cfVUgicfV
pw­{¥lzV *V,yÒ
{¥lV 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w ∈ M
?VWu°h?ceV,TWurgSg2x*prlg=d,!°¨ao7kprx*pcfl¬dlzpgX1b4,¤VW}Uurg«igi| uwg uryzTWp=csdf¡NVUp|V,cfln}
lg phSk·cfVUg?ceV
i0, i1, . . .
cfhi}~PdPiud
K·ik
}UprgbrV,kfV,cQdp
w
uwgi|
d(b, ik)
lc·hSgb*prhSg?|V,|©  VÁbgSp¤ ¢kfpT
o7kprx*pcfl¬dlzpgL1b dfPiuwd
w ∈ M m
@<-dZkVUT urlzgic¥dfp¸}~PSV;}~Á¸dPiud
w 6∈ K
tO9p¸cfVUV!dfPSlncU£*¤¨V!cePSp¤(dPiudt¢pk
uwyy
z ∈ M
£
lim
k→∞
H(K·ik , z) = H(w, z) .
®Òr¯
<´gi|V,V,|©£S¢prktuwyy
β >
§£iyzVUdedflgS
k
dfV,gi|#dfpWlg«igSlzdsa¸lg ®Ò4,¯Quwgi|#hicflzgi2® /r¯£S¤VVd
β−1 ≤ πi`wi` = H(K·i` , w) ≤

,
¢prk
`
ynuwkrV!V,gSprhSP4 6\VUgi}UVr£
lim`→∞H(K·i` , w) =
§·°¨a 4V,TWTWu#S F£
z ≥ H(w, z)w
  V|SV,|hi}UV
dfP?ud
H(K·i` , z) ≥ H(w, z)H(K·i` , w)
£Quwg?| cfp
lim inf`→∞H(K·i` , z) ≥ H(w, z)
 °¨a±|V«?gSl¬dlzpg
pw
H
£
lim sup`→∞H(K·i` , z) ≤ lim supK·j→w H(K·j , z) = H(w, z)
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i 7→ −|i−j|+|j|
¤¥lzdfP
j ∈ R \Q
£dfprVUdfPSV,kD¤¥lzdfPdPSVt¢higi}ªdlzpgic
i 7→ i
uwgi|
i 7→ −i
0OQPSV·[2uwkfdflg¸cfxiur}UV
M
lncPSprTWVUpTWprkxSPSln}
dfp
R := R ∪ {±∞}
V,m=hSlxSx?V;|¤¥l¬dPlzdcthiceh?uwy§dfpx?pyzpra
 	ES4,i F   VlzVuwgVvSuwTWxSyVpw­u }pTWxSyzVUdfVyp}Uuwyya#}pTWxiur}dQTWVUdfkl}cfxiur}UV
(S, d)
cfhi}~PdfP?ud
dfPiV}UurgSprgil},uwy9lgqsV;}ªdflprg2¢kfpT
S
dpdPSV[2urkedlzg2cfxiu}V
M
lcZgSprdZuwg2V,T¦*V,|S|SlzgS?£*urgi|2cfhi}~PdfP?ud\dPSV
[2urkedlzg?phSgi|Surkfa
B = M \K
lcQgipwdt}ypcfV,|© Kpgiceln|V,k
S = {(i, j) | i ≥ j ≥ 1}
urgi|dPSVprx*VUk~udprk
A
rlrV,g#ba
A(i,j),(i+1,j) = A(i+1,j),(i,j) = −1,
¢prk
i ≥ j ≥ 1,
A(i,j),(i,j+1) = A(i,j+1),(i,j) = −2,
¢pk
i− 1 ≥ j ≥ 1,
A(1,1),(i,i) = A(i,i),(0,0) = −1/i,
¢prk
i ≥ 2,
¤¥lzdfP2uwyy4prdfPSV,k¥VUg=dfklzV;c¥V,m=hiury§dfp
−∞
  V}~PSpbpcfVZdPSViuceV,x?plzg=d
(1, 1)
DOQPSVkurxSP#pr
A
lnct|V,xSl}dfV;|
lg#dPSV
¢pryyp¤¥lzgS |lnuwkurTSG
−1/2
−1/3
−1/4
 V¦uwkV
hicelgSdfPiV¦cfurTWV
}UprgbrV,g=dflprgic¥ucQ?VU¢prkVrDOQPSV!urk},cQ¤¥l¬dP¤V,lzP=d
−2
uwkV|k~uÑ¤¥g#lg?py|4¨¶ZgSV
}Uurg}~PiV,}~Á dPiud
A∗(i,j),(k,`) = max
(
− |i− k| − 2|j − `|,−(i− j) − (k − `) − φ(j) − φ(`)
)
¤¥PSV,kfV
φ(j) = 1/j
lz
j ≥ 2
£4uwg?|
φ(j) = 0
l¬
j = 1
.<´g prdfPSV,k·¤¨prk~|Sc,£§urgÀpxdflT uwy0xiudPÀ¢kprT
(i, j)dfp
(k, `)
lcWV,l¬dPSVUk uwgHprxdlzT ury¥xiudP±¢prkWdPSVTVUdfkl}prtdfPSV¤¨VUlrP=dfV;|
`1
gSpkfT
(i, j) 7→ |i| + 2|j|
£
prk·uxiuwdfPÀ}UprgicflncsdlzgS¸pwDuwgÀPSprkl;:,prg=dury4TWprVdpdPSV|Slurrprg?uwy4x*prlg=d
(j, j)
£§¢pryyzp¤¨V,|baTWprV,c¥¢kfpT
(j, j)
dp
(1, 1)
£9¢kfpT
(1, 1)
dp
(`, `)
£%uwgi|µbaÀurgµPiprkl;:,prg=dury%TWpV¦¢kprT
(`, `)
dfp
(k, `)
¸_blzg?}V
A
lnc
cfa=TWTWVdkfln}¦urgi|
A∗
lnc:UV,kfppgSyapgdfPiV|lnuwprgiuryÒ£
d((i, j), (k, `)) := −A∗(i,j),(k,`)
lnc
uTWVdkfln}!pg
S

OQPSVTVUdfkl}cfxiur}UV
(S, d)
lc·}pTWxSyzVUdfVcelgi}VuwgbaCK¨uwhi}~PbaceV;mhiVUgi}UV¦lnc\V,l¬dPSVUk·hSyzdflTWuwdfV,yza}pgiceduwg=d·prk
}pgbrVUkrV;c·dfpdPSVx*prlg=d
(1, 1)
S<-dlnc¦uwyncfpyzp}Uuryzya }UprTWxiu}ªdcflzg?}V¸urg=a x?plzg=dW|lcedflgi}d!¢kfpT
(1, 1)
lc
lncepyuwdfV,|4£=¤¥PiVUkV,urcDdfPiV·x*prlg=d
(1, 1)
P?urcDdfPSV
iucelncDprgSV,lzPb?phSkfPip=p|Sc}pgicelncedflgSpr4dfPiV·}UprTWxiur}dQcfVd~c
Vj = {(i, i) | i ≥ j} ∪ {(1, 1)}
£=¢prk
j ≥ 2

<-
((im, jm))m≥1
lc\uwgba¸cfV,m=hSVUg?}V
pw0VUyVUTWVUg=d~c¥pw
S
cfhi}~P#dfPiuwd\*pwdfP
im
uwg?|
jm
dVUgi|dpWlzg«?gSl¬dsa£
dfPiVUg4£¢pktuwgba
(k, `) ∈ S
£
A∗(k,`),(im,jm) = A
∗
(k,`),(1,1)A
∗
(1,1),(im,jm)
¢prk
m
ynuwkrV·VUgiprhSP4
® <´g=dhSl¬dlzVUyar£§dPSlc·lnc·kfV,yuwdfV,|dfpdPSVËur}ªd·dfP?ud,£§¢pk
m
ynuwkrV!V,gSprhirP4£§VUVUka#pxdflT uwy0xiuwdfP¢kprT
(k, `)dfp
(im, jm)
xiurcceV;c
dfPikfphSrPAdPSV¸x*prlg=d
(1, 1)
¯I<-d¦¢pyzyp¤tc
dfP?ud
K·,(im,jm)
}pgbrVUkrV;c·dfp
K·,(1,1)
urc
m → ∞
X6\p¤V,rV,k,£dfPSVceV;m=hSVUgi}UV
(im, jm)
|Sp=V;c¦gipwd}UprgbrV,kfVWdfpÀdfPSV#x?plzg=d
(1, 1)
lg dfPSVTWVdkfln}
dfpx?pyzpra hSgiyzV;cfc
im = jm
¢pk
m
yurkfVZV,gSprhSP4­OQPSlnc¨cfPSp¤tcdfP?udQdfPSVT urx
(i, j) → K·,(i,j)
lncQgSpwdtuwg
PSpTV,prTWprkxSPSlncfTK¢kfpT
S
dfp lzdcQlTWurrV
Ü¢ÝÞ9Ü×ß
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OQPSV[2uwkfdflg2*prhSgi|iuwka}Uprgicflcedc\pw­dPSVx*prlg=dc
ξ1, ξ2, . . .
£§prd~uwlgSV,|2uctylzTWlzdc·pw7Piprkl;:,prg=dury4Piuwyz×¡
ylzgSV;cU£i¤¥PSl}~PuwkVuwyTWpcede¡-rVUp|V;celn}Uc,  VPiuÑV
ξ`(i,j) := lim
k→∞
K(i,j),(k,`) = max
(
i− `− 2|j − `| + φ(`),−(i− j) − φ(j)
)
.
OQPSV\¢hSgi}ªdlzpgic
ξ`
uwkV\uryzy*|lcedflgi}d*V,}UurhicfV
i 7→ ξ`(i,i)
PiucDuhigSlm=hSVZT uvlzThST udfduwlgSV;| ud
i = `
­OQPSV
¢hSgi}dflprgic
ξ`
|pgipwd*VUyprgi!dfp
K
*V,},uwhicfV
ξ`(3j,j) = j+ `+φ(`) ∼ j
urc
j
dfVUg?|Scdfp¦lg«igil¬dsa£=¤¥PiVUkV,urc
¢prkQuwgba
w ∈ K
£
w(3j,j) = −2j−φ(j) ∼ −2j
urc
j
dfVUg?|Scdfp¦lg«igil¬dsa£z7OQPSV·ceV;m=hSVUgi}UV
ξ`
}pg=VUkrV;c0dfp
K·,(1,1)
urc
`
dVUgi|Sc¨dplg«igil¬dsa£¤¥PSl}~PcfPSp¤tc7dPiudQdPSV[2uwkfdflg¸*prhSg?|Suwka
B = M \K
lnc¨gSpwd¥}ypcfV,|4
 	EX4,S1   VgSVUv=drlrV uwgAVvSurTxiyzV prQu[2urkedlzg cfxiur}UV PiuÑblzgiu*prhigi|Suwka2x*prlg=d¦¤¥PSln}~Pµlnc
gSprd¦uwgµVvbdfkVUT uwy­VUgSV,kuwdfpk,OQPSVcfurTWVVUvSuwTWxSyVP?urc
*VUVUg ¢prhigi|µlzgi|SVUx*VUgi|V,g=dfyaÀba  VUicedfV,k!uwgi|
 lgi}~PSV,cedfV,kW-   w%5- Kprg?celn|VUk
S := N × {0, 1, 2}
uwgi|¸dfPSVpx?V,kuwdfpk
A
lzVUg#=a
A(i,j),(i+1,j) = A(i+1,j),(i,j) = A(i,1),(i,j) = A(i,j),(i,1) = −1,
¢prk·uwyy
i ∈ N
uwgi|
j ∈ {0, 2}
£?¤¥l¬dPÀuwyy9prdfPSV,k\VUg=dkflV,c\V,m=hiuwy9dfp
−∞
  V}~PSpbp=ceV
(0, 1)
urc\iurcfVUx*prlg=d,£
cfp¦dPiud
π := A∗(0,1),·
lcQcfhi}~PdPiud
π(i,j) = −(i+ 1)
l¬
j = 0
prk
2
£Surgi|
π(i,j) = −(i+ 2)
l¬
j = 1
uwg?|
i 6= 0
0OQPSV\kurxSPurccfpb}UluwdfV;|dfp!dPSV\T uwdfkl¬v
A
lnc¨|VUxSln}ªdV,|¸lzg dPSVt¢pyzyp¤¥lgS¦|lnuwkurT£¤¥l¬dPdfPiVZcuwTWV
}pgbrVUg=dlzpgicQurcQlg#dPSVxSkVUblprhic¨VvSurTxiyzV
OQPSV,kfVuwkV·dfPSkVUV
*prhSg?|Suwkax*prlgd~cU7OQPiVUaT uÑa*Vprd~uwlgSV,|#ba durÁblzgSdPSVyzlTWl¬d~c
ξ0 := lim
i→∞
K·,(i,0), ξ
1 := lim
i→∞
K·,(i,1),
uwgi|
ξ2 := lim
i→∞
K·,(i,2).
K¨uwyn}hiyuwdflgSi£¤¨V·«igi|#dfPiuwd
ξ0(i,j) = i− j + 1, ξ
2
(i,j) = i+ j − 1,
urgi|
ξ1 = ξ0 ⊕ ξ2.
 VPiuÑrV
H(ξ0, ξ0) = H(ξ2, ξ2) = H(ξ2, ξ1) = H(ξ0, ξ1) = 0
  pkQuryzy©prdfPSV,kQxiuwlkc
(ξ′, ξ) ∈ B ×B
£
¤¨V\PiuÑV
H(ξ′, ξ) = −2
0OQPSVUkV¢pkfV£wdfPiV\TWlzgilzT uwy§[2urkedlzg *prhSg?|Suwkalnc
M m = {ξ0, ξ2}
£buwgi|dPSVUkV\lnc
ugSpg¡-VvbdfkVUT uwy??phSgi|Surkfax?plzg=d;£
ξ1
£kVUxikfV;ceV,gdV,| ur?pV¥=aWukuÑa}lk}UyzV%OQPSVZceV;mhiVUgi}UV,c
((i, 0))i∈Nuwg?|
((i, 2))i∈N
uwkV·uryzTWpcede¡-rV,p|V,cfl},cU£=¤¥PSlyzV
lzdtcePSphSyn|¸*V}yV,uwk¨¢kprT dPSV|lnuwrk~uwT dPiud¥dPSVUkV·urkfV·gSp
uwyTWpcede¡-rV,pb|SV,cfl},c\}pgbrVUkrlgSWdp
ξ1
_pdfPilc·VvSurTxiyzVxSkp=ln|V;c\uwgÀlzyyzh?csdkuwdflprg2prDo7kprx*pcfl¬dlzpgic 1 
uwg?|I1 FS
 	E 4;S /   lgiuryzyar£Ñ¤¨V7¤¥lzyy=rlrV7uwgVUvSuwTWxSyV7pwiu¥giprg¡´}pTx?ur}ªd4TWlgSlTWury[2urkedlzg!cfxiu}Vr Kprgicfln|VUk
S := N × N × {0, 1}
uwgi|#dPSVprx*VUk~udprk
A
rlrVUgba
A(i,j,k),(i,j+1,k) = A(i,j+1,k),(i,j,k) = −1,
¢pktuwyy
i, j ∈ N
urgi|
k ∈ {0, 1} ,
A(i,j,k),(i,j,1−k) = −1,
¢pktuwyy
i ∈ N, j ∈ N \ {0}
uwgi|
k ∈ {0, 1} ,
A(i,0,k),(i,0,1−k) = −2,
¢pktuwyy
i ∈ N
urgi|
k ∈ {0, 1} ,
A(i,0,k),(i+1,0,k) = A(i+1,0,k),(i,0,k) = −1,
¢pktuwyy
i ∈ N
urgi|
k ∈ {0, 1} ,
¤¥lzdfP uwyy­pwdPSVUkV,gdkflV,c
V;m=hiuwy0dp
−∞
  VWd~uwÁV
π := A∗(0,0,0),·
  l¬dPµdfPSVcuwTWV }pg=VUg=dflprg?c·uc
lzg
=­vSuwTWxSyV,c 4,S Wuwgi|L4,i 1=£SdfPSVkurxSP¸pr
A
lnc
Þ9Þ Ó$[Së#\Q]^
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{¥V;}UuwyydfPiuwd
urk},c\pr7¤V,lzPd
−1
uwkV¦|k~uÑ¤¥g2¤¥lzdfPÀdfPSlgÀylzgiV,c·¤¥PSVUkV,uc¥dPSpcfV¦prD¤V,lzP=d
−2
uwkV|SkuÑ¤¥g
lg*pryn|©
 pktuwyy
(i, j, k), (i′, j′, k′) ∈ S
£
A∗(i,j,k),(i′ ,j′,k′) = −|k
′ − k| − |i′ − i| − |j′ − j|χi=i′ − (j + j
′)χi6=i′ − χj=j′=0, k 6=k′ ,
¤¥PSV,kfV
χE
d~uwÁrV;c¨dfPSVuryzhSV
1
¤¥PSV,g}Uprgi|Sl¬dlzpg
E
PSpryn|Sc,£Suwgi|
0
pwdPSVUk¤¥lnceV 6\VUgi}UVr£
K(i,j,k),(i′,j′,k′) =k
′ − |k′ − k| + i′ − |i′ − i| + j′ − |j′ − j|χi=i′ − (j + j
′)χi 6=i′
+ χj′=0,k′=1 − χj=j′=0, k 6=k′ .
°¨aÀ}pTWxShdflgSdPSVWyzlTWl¬d~cpw
K·,(i′,j′,k′)
¤¥PSV,g
i′
urgi| Ñpk
j′
p¸dp
+∞
£4¤¨VWkfV;ur|lya2}~PSV,}~ÁdPiud
dPSV
[2urkedlzg?phSgi|Surkfa¸lct}UprTWx*pcfV,|#pw9dPSVrV;}ªdprk~c
ξi
′,∞,k′ := lim
j′→∞
K·,(i′,j′,k′),
ξ∞,∞,k
′
:= lim
i′,j′→∞
K·,(i′,j′,k′)
ξ∞,0,k
′
:= lim
i′→∞
K·,(i′,0,k′).
¤¥PSV,kfV0dPSV7ylzTWlzd9lzg
i
uwgi|
j′
lg
dfPSVceV;}prg?|\ylzgiVD}Uurg·*V­d~uwÁrV,gZlgVUlzdfPiVUk4pk|V,k,XtpwdV0dfPiuwd
limi′→∞K·,(i′,j′,k′) =
ξ∞,∞,k
′ ¢pk%urgba
j′ ∈ N\{0}
urgi|
k′ ∈ {0, 1}
%OQPSVTWlgSlTWury[2uwkfdflgcfxiur}UVDlnc0}prTWx*pcfV,|prSdfPiVV,}ªdprk~c
ξi
′,∞,k′ urgi| ξ∞,0,k′ ¤¥lzdfP i′ ∈ N uwg?| k′ ∈ {0, 1} ¦OQPSVds¤¨p#*prhigi|Suwka2x*prlg=dc ξ∞,∞,0 uwgi| ξ∞,∞,1uwkV
gSprgS¡NVUv=dkfV,T uwy©uwgi|#PiuÑV·kVUxikfV;ceV,gd~udlzpgic
ξ∞,∞,0 = ξ∞,0,0 ⊕−3ξ∞,0,1 ,
ξ∞,∞,1 = ξ∞,0,0 ⊕−1ξ∞,0,1.
 pk
k′ ∈ {0, 1}
£idPSV ceV;mhiVUgi}UV
(ξi
′,∞,k′)i∈N
}prgbVUkrV,c¥dfp
ξ∞,∞,k
′ urc
i
rpbV;ctdp#lg«igSlzdsar_blzg?}VdfPSlnc
x*prlgdtlncQgSprdtlzg
M m
£S¤¨VceV,V·dfPiuwd
M m
lncQgSprd\}prTWxiu}ªd;
) )   !¥9 !#"¨	 U©¥,+  ­!Q+ !@+D0
 VZgSp¤ cfPSp¤ PSp¤ dfPiV·[2urkedlzg *prhigi|Suwka }Uurg?VZhicfV,|Wdp¦prSduwlgVUvblncedfVUg?}V\kV,cfhSyzdcD¢prkVUlrVUgbV,}ªdprk~cU
\clzg - 
  r$5-£D¤¨VkfV;csdkfln}ªd prhikWuwdedVUg=dflprgHdfpµdfPiV2}UurcfV¤¥PSVUkV
S
lncWV,m=hSlxSx*V,| ¤¥l¬dP dfPSV|lncf}UkfVUdfV
Ü¢ÝÞ9Ü×ß
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dfpx?pyzpra  VcuÑa#dfPiuwd
u¸rV,}dfpk
u ∈ RSmax
lnc
A
8  %%lzs£§¢prk
uwyy
i ∈ S
uwgi|
β ∈ R
£*dfPSVWcfhSx?V,ke¡-yVUrV,y
cfVd
{j ∈ S | Aijuj ≥ β}
lc\«igSlzdfV  VcuÑadPiud
u ËuwTWlyzapw7V,}dfprk~c
{u`}`∈L ⊂ R
S
max
lnc
A
¡ÒdlzP=d\l¬
sup`∈L u
` lc A ¡ÒdlzP=d,7OQPSV
gSprdflprgpwdflrP=dfgSV;cfcQlnc¥TWpwdlzuwdfV,|#badPSV
¢pryyzp¤¥lgSxSkprx*VUkfdsar
Dº 
 
  

  TC Q
{u`}`∈L ⊂ R
S
max
 
A
8 JM& V#"  
  YA"    
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